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Abstract

The evolution of finitely many particles obeying Langevin dynamics is described by Dean—
Kawasaki equations, a class of stochastic equations featuring a non-Lipschitz multiplicative
noise in divergence form. We derive a regularised Dean-Kawasaki model based on second order
Langevin dynamics by analysing a system of particles interacting via a pairwise potential. Key
tools of our analysis are the propagation of chaos and Simon’s compactness criterion. The model
we obtain is a small-noise stochastic perturbation of the undamped McKean—Vlasov equation.
We also provide a high-probability result for existence and uniqueness for our model.
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1 Introduction

The Dean—Kawasaki model ﬂa, @] describes the evolution of a system of finitely many particles
obeying Langevin dynamics. A key feature of the particle system is the stochastic independence
of the forcing terms driving the particles. The particles themselves, on the other hand, might be
independent ﬂﬁ] or interact through a potential [6]: in this work, we focus on the latter case.

In its simplest form, the Dean—-Kawasaki model reads

o=V (p7 ) £V (0156, 1)

with o € R, where p is the particle density, F' is an energy functional, and £ is a space-time white
noise. The model (Il) may be obtained from either a first-order Langevin equation |6], or from
second-order Langevin dynamics in an overdamped limit ﬂﬁ]

Equations such as ({I]) pose a challenge for existence theory, in particular due to the multiplicative
structure of the noise in divergence form and to its square-root coefficient function. The latter is
related to the independence of the forcing terms driving the particles ﬂa, ] Consequently, well-
posedness for (Il) is an open question, with the exception of the purely diffusive case [18]. More
specifically, for the deterministic drift being %A, where N > 0, equation (IJ) admits a unique trivial
(atomic) solution only if N € N, and has no solutions if N ¢ N. This striking result indicates how
subtle the analysis of equations of this kind is.

In order to obtain non-trivial solutions to (), different approaches have been developed in
recent years. One approach is to correct the drift @, E, , ], another one is to regularise the
equation HE, ] For a regularised undamped equivalent of (II), corresponding to a regularised
stochastic wave equation in the density/momentum density pair (p,j), a result of existence and
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uniqueness is found in M], that model, here referred to as the reqularised Dean—Kawasaki model,
is derived from independent particles. The key regularisation chosen in M] is a representation
of particles by Gaussians, rather than their limiting Dirac measures. The main contributions of
this work is to extend this idea to some important systems of interacting particles. Specifically,
we derive and analyse a regularised Dean—Kawasaki model set in the undamped regime, as in H],
but describing the evolution of a system of finitely many weakly interacting particles governed by

Y

undamped McKean—Vlasov dynamics, see for example [9, 13, ]

Throughout the paper, we rely on some methodology found in [4]. However, the interaction of the
particles also requires various new approaches. Specifically, in contrast to M], we employ propagation
of chaos techniques @] and Simon’s compactness criterion [26] to overcome the difficulties posed by
stochastically dependent particles. In addition, as the resulting model is superlinear (as specified
below), we also need to localise the solutions using suitable stopping times. More details are provided
in Subsection below.

1.1 Weakly interacting particles on a one-dimensional torus

The system studied here consists of IV interacting particles on the one-dimensional flat torus of
length one, denoted by T. FEach particle ¢ € {1,..., N} is described in terms of position and
velocity (¢;,p;) € T x R. The system obeys the following undamped Langevin dynamics on a
probability space (Q, F,P),

4i = i,

, 1 L : . (2)
pz:—sz—NZW({h—q])“‘Jﬁu ZZl)"'aNa

j=1

where {3;})¥, are independent Brownian motions, the interaction potential W is periodic and
smooth, say W € C?(T), the initial conditions {(g0,pi0)}Y., are independent and identically
distributed, and o and  are positive constants. The dissipative term —~p; is a frictional drag,
balancing the fluctuating Brownian term of;. The particles {(q, pi)}f\il are exchangeable, but not
necessarily independent.

Remark 1.1. Throughout this work, diacritical dots () are used to indicate time differentiation
of finite or infinite dimensional Itd processes (e.g., see ([2)).

In order to study (&), we introduce an auxiliary Langevin system of particles {(g;,7;)})¥; obeying

{ gz = Dis . (3)

Pi = =0 — W' () + o B, i=1,...,N,

where * denotes the convolution operator on T, pu; denotes the law of g;(¢), and the Brownian
motions and the initial conditions coincide P-a.s. with their respective counterparts in ([2). As
a result of these assumptions, the particles {(g;,p;)}/*, are clearly independent. System (3] is
associated with the Vlasov—Fokker—Planck equation

0 o? 0

5 TPag W’ plfi](q)

in the %obability density function fi(q,p): [0,T] x T x R — [0, 00), where p[f:](q) = [z fi(q,p)dp;
].

see E,



1.2 Outline of the paper

We derive and analyse a regularised Dean—Kawasaki model in the undamped regime, based on
the interacting particle system (2). A portion of our analysis is based on M], and the relevant
methodological novelties are sketched and put into context below.

Section [ contains some auxiliary results. Subsection 1] establishes a propagation of chaos
result (Proposition 7)) linking ([2]) and (@), using ideas from ﬂﬂ, @] This sort of result, which is
not required in [4], is here needed to compare the system of interest (2| to the more tractable system
of independent particles ([B]). Specific aspects of the latter system’s regularity, and in particular of
the regularity of solutions to (), are studied in Proposition [2.3]in Subsection 22} there, we explain
the reason for choosing T (rather than R as in [4]) as the spatial domain. Subsection relies on
Propositions 2.1] and to establish Proposition 2.6t for € > 0, this result provides e-independent
uniform estimates for certain Sobolev-space norms applied to the reqularised densities

N
>=§ng<x—qz~<t>>, el ) zpz e = alt), o)

Joe(,t) sz (z — qi(t)). (6)

Above, (z,t) € T x [0,T], while w, is the periodic von Mises distribution @] on T with location
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parameter p := 0 and concentration parameter x := €~ “, namely,

_ sin®(x/2) _ sin“(x/2)
we(x) = Z7 e 22 Ze ::/Te /2 da. (7)

The quantities in (Bl are the regularised empirical density and momentum density for (2]), and will
be the building block of our final model; as for (@), this is a relevant auxiliary quantity emerging
from the analysis of ().

The kernel w, is introduced for smoothing and regularisation purposes. More precisely, we
work with the quantities (B)—(6]) rather than their atomic counterparts defined by a replacement
of w, with Dirac delta functions centred on the particles; this is a key aspect of our approach, as
it allows us to use standard tools from stochastic analysis and work with smooth functions. We
refer to M Section 1] for a similar discussion. The kernel we, which recovers a Dirac delta as
e — 0, is the toroidal equivalent of a Gaussian distribution with variance €2. The basic inequality
|z/4] < |sin(z/2)| < |z/2|, valid for all « € [0, 7], implies that the e-scalings of all the moments of
w, are identical to those of a Gaussian of variance €2. In particular, we have that Che < Z, < Cae,
for some constants Co > C7 > 0. We can thus effectively use the kernel w, as if it is a Gaussian of
variance €2, thus reusing much of scaling considerations (of polynomial type in e~! and N—1) found
in M], where w, is Gaussian.

Remark 1.2. Throughout the paper, the quantities in ([@)—(@) will always be understood under
scalings of the type Ne/ = 1, for # large enough. Such a scaling is convenient to deal with the
simultaneous limits € — 0 and N — oo. This is because most bounds that we will prove with
respect to (B)-(@]) feature a polynomial contribution in ¢! and N~!, as mentioned above.

Section [ is concerned with the evolution of the particle system (). Subsection Bl contains
Proposition B2l which provides relative compactness in law for the families {p¢}e, {je}e, and {j2.c}e
in the limit ¢ — 0. In this result, the crucial feature of time regularity of the processes is settled
not by the Kolmogorov criterion ﬂﬂ, Corollary 14.9] (as for the corresponding result in M]), but by



Simon’s compactness criterion @, Theorem 5] applied in the context of the Prokhorov Theorem ﬂﬂ]
The need for the latter method arises since the estimates for the time regularity obtained here are
less sharp than those in M], due to the use of the propagation of chaos (Proposition 2.1]).

We then focus on the evolution equations for ([l), which are the building blocks of our regularised
Dean-Kawasaki model. As the evolution equations for (Bl) are not closable in (Hl), we rely on
three relevant approximations. The first one, explained in Subsection [3:2] provides the distinctive
particle interaction term {W’ * p.} p.. The second one, detailed in Subsection [33] gives the relevant
Dean—Kawasaki type noise (depending on p. and on a regular infinite-dimensional noise). The key
differences with respect to the analogous argument performed in M] (these being primarily due to
the use of the propagation of chaos, the use of the von Mises kernels, and the lack of control over
inverse powers of p in the case of dependent particles) are explained there. The third and final
approximation, which we justify in a low-temperature regime, allows us to replace ja . (defined
in (@) with a multiple of dp./0x.

In Section @] we take advantage of the approximations discussed above and derive our regqularised
Dean-Kawasaki model for weakly interacting particles in undamped regime

Ope e

=7 (@:t) = —==(,1), (8a)
~ 0.2 ~ o g

%(:ﬂ,t) = —’736(117775) - (%) 88?; (l‘at) - {W/ * ﬁe('vt)}($)ﬁe($vt) + \/—N ﬁ€($7t) 567 (Sb)

ﬁs(wao) ZPO(‘T)7 55(‘%0) :jO(x)v

for (z,t) € T x [0,T], where (pg,jo) is a suitable initial datum, where & is a regular Q-Wiener
process (e.g., in the sense of &]), and where the aforementioned approximations are visible in
the last three terms of the right-hand side of [®H). We use (je,jc) to refer to the solution of the
approximate model (&), and (p, je) to refer to the original densities in ([l).

We provide a few preliminary results concerning the existence of local mild solutions to (&) and
also to its noise-free version. We then prove the main existence and uniqueness result of the paper,
Theorem B4l More specifically, we perform a small-noise regime analysis, in a similar way to the
one carried out in M], to prove a high-probability existence and uniqueness result of mild solutions
to (8). On top of the arguments in ﬁ], additional localisation procedures via stopping times and the
conservation of mass for the system are needed to treat the locally bounded (superlinear) interaction
term {W' x pe }pe.

2 Preliminary results

We prove a few results which will be used in Section Bl for the derivation of the undamped regularised
Dean—Kawasaki model for weakly interacting particles.

2.1 Propagation of chaos

We first quantify how much the particles in (2]) follow their counterparts in (3]).

Proposition 2.1 (Propagation of chaos). Let N € N, let a« > 2 be an even natural number, let
T >0, and let W € C*(T). There exists a constant C = C(W,T,«) such that

s Bl () =m0 +In(0) -] F < L5 ©)



where the particle notation is inherited from [2)) and (3.

Proof. We adapt the proof of @, Theorem 3.3]. Let Sy (t) := E[|q1(t) — g, (t)|* + |p1(t) — D1 ()|].
We apply the 1t6 formula for the function f(z) = |z|® applied to the processes ¢;(t) — @;(t) and
pi(t) —p;(t), for each i € {1,..., N}, and sum the results. We notice that the stochastic noise for
pi(t) —p;(t), i € {1,..., N}, vanishes by assumption. We obtain

N
> lait) ~ 7 [ z alas(r) =2, i) — Bi(r))dr = T, (10a)
. N
Zm B0 = =% [ 30 i) =) W) = () = W' (@)
P
+ [ Z alpi(r) = Bi(r)* (=7 [pi(r) = Bi())dr = To + T3, (10b)

We bound 77 using the Young inequality with exponents a and a/(a — 1). We thus obtain for
Ty + T35

Ty 4+ T5 < Cloyy / Z il [+ |pa(r) — By(r)|*)dr (11)

As for Ty, we rewrite it as Tp = —& [§ NJ 1 { (1)(7’) + 61(]2') (r)} dr, where

D) = W (@(r) — 4(r) = W (@i(r) — ;)] (oi(r) = py(r)* ",
D) = W (@(r) - g;(r) — W e @(r)] (pilr) — pi(r)°

We use the boundedness of W, a Taylor expansion of W', and the Young inequality with exponents
a and a/(a — 1) to find

=N s > W ailr) = a;(r) = W' (@(r) = g;(r)] Ipi(r) = pi(r)[ " dr

Wa

L[S 1) =)+ as) - ) )~ B
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COV) [ 5™ (1) =)+ as) ~ )] + i)~ B

Jl

cw,a) [ Zﬂqz @) + Ipi(r) = Bl (12

Fix r € [0,t] and i € {1,..., N}. We employ the Holder inequality with exponents o and /(v — 1)



to obtain

N
E Z %2') (1)

N
=E Z [(W'(G;(r) —q;(r)) = W’ pr(q;(r))] (pi(r) — @(r))o‘_ll
j=1 J=1
<E[lpi(r) — 7)) V0 (), (13)

where
o

7 ()3;(r)

N N @
=E EN Y Gwmam]| |-
j=1 Jj=1

with &gz, = W'(q;(r) —g;(r)) — W'+ p,(g;(r)), and where we have also used the fact that «
is an even natural number. We define

Tia =1{i= (1, 1Ja) € {1,...,N}* : 3ji # i such that jj appears exactly once in j},
Too :={i=U1,---1da) €{1,...,N}*:j & T1a}-

We have #75.o < C(a)N a/2 where # denotes set cardinality. To see this, consider a generic j € T2,a-
There are at most «/2 values attained in j: arguing by contradiction, if this is not the case, then
i is attained exactly once (due to the definition of 73,). However, this means that the remaining
a — 1 occurrences of j are distributed among at least a/2 values, granting the existence of jj # i
appearing exactly once in j, and thus contradicting the definition of 75 ,. We therefore have no

more than C(a)N®/2 possible configurations in 72,0, where C(«) is a suitable constant. We expand
the definition of 6;(r) as

=) E [H &3,(r).3,, ()

je7—1,a k=1

+ > E

J€T2,a

Il &m0, (7»)] :
k=1

For any j € 81,4, it holds that E[Hﬁzl gﬁi(r),ﬁjk (r)} = 0. To see this, let z € T, and let j # ¢ be an
index appearing just once in j. Then
g;(r) = Z}

lHiw ), )| Gl ] [[¢:E [( 11 fzﬂjkv)) €3,()
= H gz,z ‘E ( H gz,ﬁjk(r)) gz,ﬁj(r):| (14)

Je=ti JeFLIFET

Jr=i L \Jk71:dk77

= H 52,2 ’ H gz,q]]c [gz,ﬁj(r)} (15)
Jk=t Jk?fwk?fj

= T&--E| I éz,q]k E[(W'(z —g;(r)) = W' p,(2))] = 0, (16)
Jk=t Wi s

where independence of particles is used in (I4)) and (@5), and E[(W'(z —q;(r)) — W' * u,(2))] = 0
settles ([I6). The exchangeability of particles, the Holder inequality, the boundedness of W', and



the bound #75 o < C(a)N®/? then give

Z E[H Sqz(r qjk(rl

JES2 o k=
< C(a)NZE[|[W'@y(r) = Go(r)|* + W' 5 pr (@, (r)|*] < C(W, ) N3, (17)

We sum ([I0al) and (0L, combine (), [I2)), (I3), and ([IT), and use the exchangeability of the

particles to obtain

stt) < [ Clamonridar+ [ COVaN 2By () ear, (18)

Applying the Young inequality in the second integral of (I8]) and then Gronwall’s inequality com-
pletes the proof. O

We point out a couple of differences between Proposition 2.1] and @, Theorem 3.3]. Firstly, we
do not require convexity for the interaction potential W, as we are only interested in an estimate
up to a given finite time; there is thus no need for a dissipative term in (I8]). Secondly, since the
derivative W’ is bounded, we can choose « arbitrarily large without violating the validity of (IT).
In the proof of Proposition below, we will pick o > 2.

2.2 Fokker—Planck regularity estimates

We now establish useful regularity properties of the particle system (B). We use C" to denote n
times continuously differentiable functions on T, for n € NU {0}. We first specify our assumptions

on (3.

Assumption 2.2. We assume that the initial datum (g(0),p(0)) of ([B]) coincides with (G, (0)s Paux (t0))
for some to > 0, where (G, Paux) 1S an auxiliary process satisfying [B]) and starting from an initial
datum distributed according to a probability density fy satisfying

[ fota w0+ ) dpdg < .
TJR

Our choice to only consider a process “restarted” at some time tg > 0 is motivated by the need
of the uniform-in-time Sobolev estimates found in ﬂﬁ, (17.2)], which we will use in the following
result.

Proposition 2.3. For n,ny € NU{0} and ¢ > 2, let w be a C™-probability density function and
g € C™. Let the initial datum of [B) be as specified in Assumption[Z2 Then

E[g@®)p™ (1) w(z — q(t))
Ll b ]

where C(g,to, fo,n) does not depend on w.

C

d:EéC(gvtO)fO)n)) fOT’ (1”7520,

Proof. We first prove that, for fi(¢q,p) being the probability density function of (g(¢),p(t)) and for
any g € CY, we have

L [ 1at@sm |5

dqéc(§7t07f07n)7 for m € {0,1,...,71}. (19)

(¢:p) ‘ dp




We use the boundedness of g and the Holder inequality with exponents ¢ and ¢/(c — 1) to obtain

/’/’9 W dg < (g /‘/rpmr
/(/'pnw| ftQP‘ 1+ dp) </‘am (a,p)

The second p-integral in can be bounded by a constant C(to, fo,n), provided we pick k& > 02;01
To see this, we notice tha%, (17.2)] gives uniform bounds in time for || fi[|yyn+2.2(TxRr), Where we
use the Sobolev space notation. The continuous embedding W"*22(T x R) c C™(T x R), which is
a result of the application of H, Theorem 4.12, Part I, Case A, equation (1)]) thus implies that

c—2
m c—2

;qm ft(q,p)} " dp

c—2
c—1

dg

fi(a, p)} dp

ft (q, P)}

c—1
kc
|1+ p? =T dp> dq.
(20)

m

am

sup
q€eT,peR

— filq, p)‘ C(to, fo,n), for all t > 0.

As a result, the argument of the second p-integral in (20]) is controlled by (1 + pz)_cli_cl, which is
integrable thanks to the choice of k. Thus (20) is bounded by

C(§7t07f07n)//|pnlc|
T JR

which is in turn uniformly bounded in time due to ﬂﬁ, (17.2)]. We have thus verified (I9). We now
define f(q) := [ (0"/09™) {g(q)p™ fi(q,p)} dp. We use integration by parts and Young’s inequality
for convolutions to bound

[ | o 5wt —aw)|

m

Ry )2}1+ 2" dpd
aqm [AURYY p paq,

mn

dx =
T aq

w(x — q)dpdg| dz

" fi(q,p) 7=

:/ //’w(ﬂf—q)a—Z{g(q)pnlft(q,p)}dpdq dz
-/ /w (- a)ilg q] do = Hw* Fllseeny < Nwllany 1 Fllsecr = I1Fll5eca
—/ an{ g(@p™ fila.p)} dp|
(¢)}p™ aann_j {fila.p }‘dp dg. (21)

As g € C", it is clear that each of the (n + 1) terms in (2I)) is as prescribed by the left-hand-side
of (1), for some appropriate choices of § and m. The proof is complete. O

Remark 2.4. The use of @, (17.2)] is the reason for having T, and not R, as the spatial domain.

Remark 2.5. With the same notation and assumptions of Propositions 1] and [2.3] let the initial
datum of the particles systems ([2) and [B]) have density (G, (t0); Paux (f0))- It is easy to prove that
the particle systems (2) and (B]) have moments of any order uniformly bounded on [0, 7]. This is a
simple consequence of the boundedness of W'.



2.3 A useful application of the propagation of chaos

The result proved in this subsection is used in Section [ in order to provide estimates independent
of € for the H*-norm of the expressions (&) and (). We use the standard Sobolev space notation
HF := H*(T), for k € N, and also LP := LP(T), for p € [1,00]. As already mentioned, we will
always assume a scaling of type Ne? = 1, for 6 large enough, say 6 > 6. In this paper, we are not
interested in optimising in € (i.e., in finding its lowest admissible value).

Proposition 2.6. Let the assumptions of Propositions [2.1] and [2.3 be satisfied, and let N 5 ¢ > 2.
Then, in the regime Ne¥ =1, for 0 large enough, we have that

N n

E—

] (22a)
LC

and

] (22Db)

Lec

LS UL S Wit ) b (602wl — )
N2\ N qi(t) — g Py () g we- — g
are uniformly bounded in €, N, and t € [0,T].

Even though the proof of Proposition [2.6]is a suitable extension of M, Proof of Proposition 1.1],
we include it here to keep the paper as self-contained as possible. For the benefit of the curious
reader, we point out the analogies between the two proofs in the subsequent Remark 2.7, which
may be skipped on a first reading.

Proof of Proposition [Z6. We first deal with (22al). Set a;(z,t) := p;" (t) 5wz O we(z — qi(t). If we
expand the Lnorm, we get

|

N " ¢

Z = qi(t))

1

= N [/Ha]kxtdx

LC

+— ZE[/Ha]kxt ]

J€S2

where 1 . and Sy . are given by

Sic={i=0U1,--.,Jc) €{1,...,N}°:j does not have repeated components} , (23a)
Soc:={j=0U1,--.,Jc) €{1,...,N}°: j has repeated components} . (23b)

We use the exchangeability of the particles, the fact that #S; . < C(c)N ¢=1 the Holder inequality,
and the fact that all moments of p; are uniformly bounded on [0, 7] (see Remark ZH]) to obtain

iy EVH% 2.1)d ] Q)

dx <
JES N

—0 as € — 0, (24)

where Q is some polynomial whose degree depends on n. The convergence to zero is granted
by the scaling Ne? = 1, assuming that 6 is large enough. For each j € S1,c, we now analyse
E[fr 15— aj, (x,t)dz]. The particles {(gi, p;)}¥; not being independent, we rely on the propagation
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of chaos, i.e., on Proposition2.Il The strategy is the following: in each aj, (x,t), we add and subtract
relevant quantities associated with ([B]). More specifically, we split

PEL(E) = P (1) — P () B 1), (250)
—_——— ——
Ay = By =
O i — ai() = D — qi1) — L — To(0) + el — T(0)) (25b)
an:Ewe T — (g = 8"3)106 T —dq; an:EwE T —(q; anxwe r —dq; .
Az = By ;=

The estimates

[Av| < C(n)lpi(t) =B @)|(pe (W)™ + [Bs(0)[™ ), (26a)
A2, < Qe H)]ai(t) — i (1)] (26b)
| Ba,i| < Q(e™h), (26¢)

)

where Q is a polynomial, follow easily from Taylor expansions and bounds on derivatives of w.. We
regroup the 2%¢ terms arising from the expansion of the product [[f_y (A1, + Bi,j,) (A2, + Baj,)
as

c 22¢_1

I (Avj, + Bijy) (Az, + Bayj,) = H Bu,j, Ba,j, + Z Cs,
k=1

where the sum spans all 22¢ — 1 terms of the expansion which feature at least one factor of type A
(i.e., each Cy is a product of 2¢ terms of type A and B, with at least one being of type A). As a
result, we write

E VT I @i, (a:,t)da;] = l/ 1 Buj. B2z
k=1
We bound T5. As each term C contains a factor of type A, we can use (26]) to deduce that
|Cs| < <H pi(t) = Bi(0)|*[ai )—Gi(t)\&)

" (H [Cn) (@)™ + B )™ [Q(E‘l)]&)

i=1

221

+ ZEUCdx] — T+ T (27)

(H B (t)]' 1)]1_Bi> =:T3 x Ty x T,

for some «;, 5; € {0;1}, Y5 a4+ B € {1,...,2¢}. We can bound E[|Cs|] by applying a multi-
factor Holder inequality involving each term of the product E[T5 x Ty x T5]. More precisely, the
expectation of each term of T3 is either unitary, or dealt with by using Proposition 2] (propagation
of chaos); the expectation of each term of T and T3 is either unitary, or dealt with by relying on
the fact that all moments of p,(t), p;(t) are uniformly bounded on [0,7], see Remark Due
to the constraint Y 5, a; + 5; € {1,...,2¢c}, we can apply Proposition 2] at least once. Thus
E[|Cs|]] < C(n1)N~""e 2, for some 71,72 > 0, for s = 1,...,2% — 1. Provided that 6 is large
enough, we deduce that 75 — 0 as € — 0.

As for T, we rely on independence and identical distribution of the particles {(g;,p;)}; and
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write
= l/ 17 @ —nwE:E qi(t))da:}

g/T‘E[ﬁ’fl(t)ww(l’—%(t))} C

where the last inequality is given by Proposition [Z3l The expectation in (22al) is thus dealt with.

dx S C(t()a f07 n)7

As for the expectation in (220, the analysis proceeds similarly, and we only sketch the relevant
details. We may think of the argument of the L-norm as a sum over two indexes i, 7 = 1,..., N, thus
defining a; j(z,t) := W'(g;(t) — ¢;(t))pi" (t) Z=we(z — g;(t)). We split the Lé-norm expansion into
the contributions given over the index sets Sj 2. and Sz 2. (¢ couples of indexes). The expectation
associated with the index set Sz 2. vanishes in the limit e — 0, using the same arguments leading
to [24)). Now fix j € S} 2. If we add the rewriting

W (qi(t) — q;(t)) = W'(qi(t) — q;(t)) — W' (g;(t) — q;(t)) + W (g (t) — g;(1))
Ag,i = B3 ji=

to those in ([27]), with the associated bound
45,051 < COW) {laa(t) =7 (0] + lg; (1) — 7; (1)1}
we may then write

23¢_1

+ X E[/Cdx]

=:T1 + 15, (28)

[/ HaJ2k 1,72k :E t ‘| l/ HBLJZk 1327]2k 1B3J2k 1,J2kdgj

where the notation is in analogy to [27)). The convergence To — 0 is settled as in the first part of
the proof, and we omit the details. To bound T}, we simply need to bound

J

where we have used again independence and identical distribution of the particles {(g;,7;)}Y.,. We
notice that

n

(W@, - O (O wele —30)] | da. (29)

(W@, - B OB (05— — 00 [00) = 2,710 =
= o e = 2BV (g~ 5(0) [0 = 20,71 () = 3]

=2 —xwe(iﬂ — 2 E[W' (24 — 02(1)] = 2" %we(:n — 2g) W' * pu(zg),
which implies

n n

B[W/@,() ~ OB () g~ 00)] = B[W ¢ @) () 5wl — (0]

The above equality shows that (29)) is of the form prescribed by Proposition 23] for g := W'« p; as
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a matter of fact, W’ u; € C™ because of the uniform regularity of p; for ¢ € [0, 7], see ﬂﬁ, (17.2)].
This ends the proof. O

Remark 2.7. The proof of Proposition 2.0 is built on two splittings. The first one separates the
index set in Sj ., Sz (and also Sy 2c, S2,2¢); the second one distinguishes terms of type A and B
for every element in S . (and also in Sy 2.). The first splitting benefits from scaling arguments (in
N, €) which are found also in |4, Proposition 1.1] (see the distinction between terms ct, and I1—I
therein). The second splitting benefits from Propagation of chaos, and does not have a counterpart
n M, Proposition 1.1].

Remark 2.8. In the proof of Proposition 2.6l the minimum power « that we need to employ when
using the propagation of chaos is a = 2¢ (for (22a)) and power a = 3¢ (for ([22DL)). In the case
of ([22al), this can be seen easily from the multi-factor Holder inequality used to deal with the one
term E[|Cs|] for which >°¢ ; a; + 3; = 2¢. An analogous consideration holds for (22h]). This justifies
the need for the propagation of chaos for a > 2.

3 Evolution of the weakly interacting particle system

We analyse the time evolution of the densities (B)—(@) and start by deriving the relevant evolution
equations.

Lemma 3.1. The evolution equations for pe, je, and ja . are given by

E(w,t) = —%(x,t), (30a)
Ol 5. — —ju(st) — dacest) — ~ 5 (2 S WHa(®) — 050 | wilo - a0)
ot x —VJe(x ,725 xz, N — szl qi q; We (T — g4
N
t oy 2 wde = Gl (30b)

::ZN(I,t)

8j275 . . 2 1 ol / /
(z,1) = —27j2,e(x,t) — Je(x,t) — N Z N > W (ai(t) = q;(t) | piltywi(z — ¢i(t))

ot

+ 022 (a1 Zm — a0 (30c)

where j3 o = N~ 33 p} ()l (2 — 4i(t)).

The proof of the lemma above is a simple application of the It6 formula, and thus omitted.

3.1 Compactness argument

We now turn to the main result of this section.

Proposition 3.2. Let T > 0. Let the assumptions of Propositions 21 and[2.3 be satisfied. Assume
the scaling Ne? = 1, for 0 large enough. The families of processes {pe}e, {jete, and {ja.}e are tight
(hence relatively compact in distribution) in C(0,T;L?), as € — 0.
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Proof. Assume for the time being (we will show this below) that

Elllpellz], E[ljell#], E[llj2ellz] are uniformly bounded as e — 0, (31)
where || - || is the natural norm of the space
U = L>®0,T; H' YN CP(0,T; H1), for some 3 € (0,1/2). (32)

Using ﬂﬁ, Theorem 5], it is straightforward to deduce that the embedding % — 2 := C(0,T; L?)
is compact. In addition, the sets G; := {u € % : ||u|]|l < j} are compact in £, for each j € N.
Now fix a > 0. If we denote the law of p. by x., we get

6= [ wldn =[xl <3 [ ol <

for all € € (0, 1], provided that j is large enough, thanks to ([3I]). An analogous argument applies to
{Je}te and {jo}e. This corresponds to tightness for the families {pc}e, {jc}e, and {ja.c}e, hence the
Prokhorov Theorem |14, Theorem 14.3] is applicable and gives relative compactness in distribution
for the three families. In order to complete the proof, we need to show (BII).

Uniform bounds for {p¢}c. We show that

E[HPG”LC’O(O,T;Hl)} <, (33a)
E[HPeHc/B(O,T;Hﬂ)} <C, (33b)

for a constant C', independent of € and N. Using (B0al), we deduce

T
lpell e o,y = Sup o )7 < 2pe(-, 0) |7 +2T/0 7e(-, 8)F2s.
€10,

Estimate (33al) is then settled by invoking Proposition 226l We now take v € H' and compute
t
(pe8) = pes) vl = | [ pelont) = el etaras] =| [ ([ =9 sl 200z ) oty

/T (/Stje(x,z)dz> Vo(z)dz| < H/Stje(-,z)dz L

1
<ttt [l B 02) ol (39

[[0]]

The bound 2 < 1+ 22 valid for any € R, the definition of the usual norm of C?(0,T; H™1),
and (B34) imply

T
E[loclosorn-n] < €+ CE[locl- 0l + [ i)z <. (3)

for some 8 € (0,1/2), where the last inequality follows from Proposition 2.6l We have thus

proved (B3D]).

Uniform bounds for {j.}.. Again, we show that there exists a constant C, independent of ¢ and
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N, such that
E [[ljell o o 7)) < € (36a)
E[HjEHC/B(O,T;Hfl)] <C. (36b)
We use (B0Db]) and deduce that

lgellZoe 0,70y = sup_lje ()17
te(0

)

T T
C{H]E(70)H%—Il +7/0 ||]E(,Z)H%{1d2+/0 szﬁ(',Z)H%de
2
T
+
0

+ sup
t€[0,T]

1

N 1 N
~2 (ﬁ > Wqi(z) — qg'(Z))) we(- — qi(2))
=1 =1

dz
Hl

/ONZwe — gi(2))dB,

=T+ +T5.
Hl

Uniform bounds for E[T}], E[T3], E[T3], and E[T}] are directly given by Proposition [Z8l As for E[T5],
we invoke B, Theorem 4.36] and bound

TN 5 2 2
E[Ts}SCE[/O ;Hwo—qi(s ds} C/ NQZE [lhwe(- = ai(s)) 7 | ds
i) CTo?
e’ Ned '’

IN

o2 1
<(CT—N | -
<ersy (E+

where the reader is also referred to M, Proof of Proposition 1.1] for the scalings of Sobolev norms of
we(+ — qi(s)), which we have used in the second line above. Estimate (BGal) is thus established. In
order to prove (B6h)), we analyse the quantity |(jc(-,t) — je(-,s),v) g—1 g1 |. Bounding the relevant
contributions coming from the initial datum and the three deterministic integrands is analogous
to B4)—(Ba). As for the stochastic noise, we rely on ﬂﬁ', Lemma 2.1] and write, for a € (0,1/2) and
A > 2 satisfying a\ > 1,

A
/0 N Zwe - d/Bz( ) ]
WO‘»‘(O T.H—l)

< C(a, NE [/0 T (Zuwe - HLz)st]

CN\M?2  Cla,\o)T
O(Oé /\) N)‘ (T) = ENE))\/Q)

We conclude the analysis for E[T5] using the embedding W (0, T; H~') < C?(0,T; H~') for some
B € (0, —1/)). This embedding is a consequence, e.g., of |7]. Thus (B6H]) is settled.

Uniform bounds for {ja}e. The argument is almost identical to that used for the family {jc}..
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We show that
E{”jzeHLOO(O,T;Hl)} <, (37a)
E|lj2elles o.rsm-1) < (37h)

for a constant C', independent of €, N. We use ([B0c) and deduce that

”j2,6”%°°(0,T;H1) = sup Hjls(wt)Hzl
t€[0,7]

)

T T
< Ol O+ [ a2z + [ e, 2)ndz

2

TV 1 N
v ( ZW’ (a:(2) — (2 >>) Pl — ()| d

0 i=1 1

t g N ) 2
+ sup / szi(t)wg(’_%(z))dﬂi =T+ +T5.
tel0,T] ||/0 i—1 Joe)
The analysis involving the terms Ti,..., Ty is analogous to that of the homonyms for {j.}.. We

only need to deal with the stochastic noise. As for E[T5],

N
E[Tg,}SCE[/OTzH%pxt)w;(-—qi(s I ds] C / NQZEpZ ) (- = ai(s)l3n |
i=1

1 1 ) CTo?
<

0.2
< CTFNE[pf(t)} (— - w5

st3 (38)

For o and X as in the previous part of the proof, we use the /P-Holder inequality and bound

A
el [ Nsz ()5 (5) ]
WeoA(0,T5H 1)
C(a, o [T N , ) A2
éT/O - (;Hpi(s)we('—qi(s))HL2> ds
N /2
N>\63>\/2 / E (Z:p?(S)) ]ds

C(a,No* (T C(a, N\, T)o?
A/2—1 ) A o 5 /Ny
N)\63>\/2 / N EKZPZ )] NA/263A/2/0 E[pl(s)}ds_—N)\/2e3>\/2 - (39)

Inequalities ([BY)) and ([39) allow us to deduce ([B7al) and (B7h), and the proof is complete. O

Remark 3.3. In contrast to the methodology employed in M, Proposition 1.1], which settles tight-
ness in the case of independent particles, the proof of Proposition does not rely on the Kol-
mogorov criterion. The reason is that the time regularity associated with the application of the
propagation of chaos is not sufficiently high.

Remark 3.4. In principle, there is more than one natural choice for the definition of the space % .
Specifically, in ([BZ), one might replace H~! with any H—*, where k € NU {0}, thus including L.
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This would result in adapting estimate ([B4]) in the case of {p.}. (and analogous expressions in the
case of {j.}e and {jac}c), thus invoking Proposition [2.6] with a different parameter n. This directly
reflects in a possibly different requirement for the scaling Ne? = 1. Since we are not concerned with
the lowest admissible value of @, the choice of H~! is as good as any other of those listed above.

3.2 Approximating the interaction term

We show that the third term of the right-hand-side of (30D is asymptotically equivalent (in the
limit € — 0 and N — 0) to the nonlocal interaction term {W' x p}pe.

Proposition 3.5. Let T' > 0. Let the assumptions of Propositions 21 and 2.3 be satisfied. Assume
the scaling Ne’ = 1, for 0 large enough. We have the equality

1 (1
19) (ﬁz (ast) ~ g5t >>> Wil — gi1)) = (W' % ol ) (@)l 1) + 71pe(ent) + 7
(40)
where r1 and ry are stochastic remainders such that |r1 | < C(W)y/€ and E[|ro(|] < C(W, fo){/e+

P}, for some B = B(0) >0, and where fy is as in Proposition [Z.3.
Before we prove the result above, we recall a simple lemma.

Lemma 3.6. Let f € CO(T) be a Lipschitz function. There is a constant C = C(f), independent
of € >0 and a € T, such that | [z we(y — a)f(y)dy — f(a)| < C (Ve +exp{—Ce1}).

Proof. Let A := (a — \/€,a + /€). Since f is Lipschitz, we obtain

Jw—ai@ay= [ wly—asdys [ vy - a) )y

z(f(a)—C\/E)/AE (—ady+m1nf/ dy
> f(@) (1- A\Aewe(y‘@dy) Cvetminf [ wly—a)dy.  (41)

z€T T\Ae

It is immediate to notice that [p\ 4 we(y —a)dy < Cexp {—Ce™1} for some C > 0. From (), we
obtain

[ctu=a) sy 1o = ~f@) [ wly =ty +mins [y apdy - Cve
T T\A.

zeT

> C (mlnf maxf) exp{—Ce '} — Cf

zeT

An analogous inequality (with opposite sign) may be obtained in a similar way, completing the
proof. O

Proof of Proposition [322 We split the left-hand-side of [{Q]) as T} + T5, where

1 XN [1 X
Ty := N; (NZ_: (z —qg(t))) we(r — ()
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and

N
T < Z( Z{W qi(t) — g;(t)) — W’(l’—qj(t))}) we(r = ¢i(t))-

i=1

As for Ty, we separate the sums in 7 and j and deduce

1 X 1 I -
= | — ng_it — W,.’L'—]t —ext ‘T_J
(35t 00) (5 £t 00) <t (5 Ete-at0)

—pent) [+ 23 [ W - puddy - g0
= Pe\T, Tl,e szl T x Y)We Y QJ Yy
= {W/ * pe(',t)} ,Oe(ﬂf,t) + Tl,ep6($vt)'

Lemma [3.6] gives |r1 | < C(W)y/€, where C' is independent of z,¢,w. With the notation of [{0), it
holds that ry . = T5. We use a Taylor expansion and bound

ol < 5 3 W (ast) — 450 — W'o — 5(0) wule — (0)

hj=1
N
<C](\72 ,]Z1| — qi(t)| we(z — qi(t _C]?/ ;517_% N we(z — qi(t))
N
= S Ll w0 el - 0)

cw) Y _ _
N Y Al = a®)| we(z — (1)) — & = g;(t)| we(x — (1))} =: Ts + Ty,
i=1
Since the particles are identically distributed, we have

E(1T3]] = COVE[e — ai(0)] welw = 01(0)]
W) [y = alwee =) fat.v)dy < COV. fo) Ve

where f5(t,-) is the probability density function of g(t), and fj is as in Proposition [Z3l The last
inequality above is given by Lemma in particular, the constant C' does not depend on time, as
SUP;>0 geT (%fg(t,q) is finite. To see this, one may apply @, (17.2)] and @, Theorem 4.12], with
analogous considerations to those made in the proof of Proposition

As for Ty, we use a Taylor expansion, the bounds max,er we(r) < Ce™! and max et |wl(z)| <
Ce 2, and write

E[T4]] = COW)E[lz — qu(t)| we(z — q1(t)) — |2 = 71 ()| we(z — G4 (1))]
CWE[lz — qi(t)| - [we(z — u (1)) — we(x — 73 (1)) ]

+ CWVE[|q1(t) — 71 (t)lwe(z — G, (2))]

S CW)e?El|lz — a1(t)] - |aa (1) — 71 (1)]]

+C(W)e 'Ellas(t) =g, ()] < C(W)e”,



18

for some 5 = 5(0) > 0, where the last inequality follows from the propagation of chaos (Proposition
21)), and the scaling Ne? = 1. The bound for ro.c is established, and the proof is complete. O

3.3 Noise comparison

We want to replace the stochastic noise of (30b]) (previously referred to as Zy) with a noise closed
in p and j.. We suitably adapt M, Subsections 3.2 and 3.3].

We first recall a useful fact. Let ~. be the probability density function of a Gaussian random
variable with mean zero and variance €2. It is not difficult to show that, for r. := w, — 7., it holds
that

[7ellco(—mmy < €, for some o € (0,1). (43)

Proposition 3.7. Let the assumptions of Propositions 21 and[2.3 be satisfied. Assume the scaling
Né? =1, for 6 large enough. We define the stochastic noise

Yy = oN~1/2 Pe/y/2 Qi//;gf,

where § is space-time white noise and Q s, L? — L? is the convolution operator with kernel w Ve

(i.e., & = Qi//;gg is an H'-valued Q-Wiener process with covariance operator Q\/ie)' For some
positive C = C(T'), c1(0), and c2(0), and o as in [{@3), we have

[E[ZN (21, 1) 2N (22,1)] — E[Vn(21,8) VN (22,1)]|

Co?

Co?
< Tw\/ie(xl — I9) X {\xl — ag| + €10 e 20|y — x2]1/2} +

N

€.

This result is an adaptation of M, Proof of Theorem 1.3]. We sketch the proof below, and defer
more technical considerations to Remark

Proof of Proposition [37 In what follows, the residuals 7. in ([A3]) appear several times. We do not
specify the argument, as ultimately only their C’-norms will play a role. Set m := (z1 +x2)/2. We
use the multiplication rule for Gaussian kernels M, Lemma A 4], the independence of the Brownian
noises, and we apply (43]) several times to obtain

E[ZN(xl, t)ZN(a:Q, t)]

toe XN t g N

— EK/O ¥ > we(zy — qi(U))d,B,-(U)) </0 ¥ > we(wy — qz’(u))dﬁi(u)ﬂ
=1 i=1

2

o2 [XL gt
s ; /0 w1 — gs(u))we (w5 — qi(u))dul

N
= —F Z/o (Ye(w1 — qi(u)) 4+ 7¢) (Ve(x2 — qi(w)) +7e) du]
Li—1

_—
= 2 Z/o Vo (@1 — 22)7 ) m(m — qz‘(u))du]
Li=1

o2 . N .
+ WE l;/o {T? + TG’YE(‘Tl - QZ(U)) + TE’YE(I/UQ — qz(u))} du] .
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We use @3)) to switch back to the von Mises kernels, and use the definition of p, /3 to obtain

[E[ZN(21,t) 2N (22,t)] — E[Vn(21,8) VN (22,1)]|

o? t
< Nw\/ie(xl —azg)/o E[pg/ﬁ(m,u)}du
o? t
_W’w\/ﬁe(gjl —:172)/0 E[\/pe/\/i(:nl,u)pe/ﬁ(:ng,u)}du
o2 N ¢ ) 2 N
+ WE[;/O {37‘E +r€/\/§r\/§e}du + El;/o {rﬁ/ﬁw\/ﬁe(xl —xg)}du]

o2 Nt
ElZ/O {rewe(xl —qi(u)) + rewe(ze — ¢ (u)) + rﬁewﬁ/ﬁ(m — ql(u))} du]
i=1
=:|Ay — Ao| + |A3 + Ay + A5].

The bound |A3 + Ay + As| < (Co?/N){e* + e“w 5. (r1 — x2)} follows easily from (@J)). In order to
control |A; — As|, it is sufficient to bound

E[o

] (44)

Pesya(m \/Pg/f T1)pe ) /3(T2)

where we have fixed u € [0,7T], and dropped the time dependence for notational convenience. We
bound the random variable in (@) as

</|b(z1, 22)], (45)

5/\f \/ /\/_ )"’_b(xl?x?)

where
b1, 22) = pesy/3(m) ez (@) + 0oy y3(2) = 2001 2(m)]
+ (PE/\/i(xl) - Pe/\/é(m))(/k/ﬁ(m) — pe/ﬁ(m)).

The Holder inequality implies that E[/[b(z1, x2)]] is bounded by

» 1/4
] E{ Pesal@1) + Pepya2) = 200 ()| }

1"

E[p?, 5(m)

~—~—

+Ep,y3(@1) - o, jzm pvalen) = pygm)| | =T+ BT

We notice that

A

. )
E|| 5 Sl ~,(0)

=N Elee ~q;, (1) + N7 Y E[Hwﬁ — (1 ]

JjES1,c k=1 JES2 ¢ k=1
< Bluwe(r — qu(0)]° + N1 < e = M falt, o + N1
= || fa(t, M5 + N71e, (46)

where f5(t,-) is the probability density function of g(t), and fj is as in Proposition 2.3l As 6 is large
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enough, and taking into account sup;sq | fz(t,")||7~ < oo (implied by assumptions of Proposition
23] thanks to @, (17.2)]) we see that the left-hand side of (4@]) is uniformly bounded in €, z, and t.
We may now bound T7,...,Ty. We write

1/4

T, < KE[p2 2(m)} —|—KIE{ pe/\/i(m) —ﬁﬁ/ﬁ(m)ﬂ 1/4’

where p, is the smoothed density with respect to the particle system (B). The first term in the
right-hand side above is bounded by (4@l), while the second is bounded using the propagation of
chaos. As a result, 71 < C.

As for Ty, again by adding and subtracting relevant evaluations of 5., we obtain

1/4 1/4

—l—KE[

2 2
Ty < KEUE/\/@(M) +Pe/ya(@2) — Qﬁg/\/i(m)’ ] Peva(@1) — ﬁg/\/ﬁ(xl)‘ }

1/4

g7 1/4
+KE| pugvam) ~Balm)| | (47)

—l—KE[

2
bupvale) ~ By aea)] |

The first term in the right-hand side of (47 can bounded by K |x; — 2|, using the same strategy used
in M, Adaptation of proof of Theorem 1.3]; the remaining ones are controlled using the propagation
of chaos. As a result, we get Ty < K|z1 — 22| + €, for some v = 71(0) > 0. The analysis of T5,T}
is similar to that of T5. In the case of T3

471/8 971/4
| ] + KE[ | }

7, < KE|[p,)ya(1) = 7. y3(m) peja(@) — Boyyal@r)

7 1/4
+ KE[p,y50m) = 7pam)]] (15)

The first term in the right-hand side of @8] can bounded by K+/|z1 — x2|, using the same strategy
used in M, Adaptation of proof of Theorem 1.3]; propagation of chaos controls the remaining ones.
So Ty < K+/|x1 — x2| 4+ €72, for some 5 = 72(#) > 0. The estimate for T is the same, with the
couple (x1,m) replaced by (2, m).

Putting everything together, we obtain the bound

(|

where ¢;1(0) := min{~;; 272} and c2(6) := 72. This concludes the proof. O

Peyys(m) - \/ 92, /5(m) — b1, ) ] < C{ler —aaf + O 2 Oay — w2}, (49)

Remark 3.8. The error bound of Proposition [3.7] is less sharp than the one provided in M, The-
orem 1.3] in the following sense: firstly, the spatial term contributions in ([@9) are not quadratic.
This is due to the use of the suboptimal bound (43]), as clarified in M, Remark 3.4]. More precisely,
we do not have an analogue of |4, Proposition B.8] in the case of weakly interacting particles, so we
can not use more precise bounds involving inverse powers of p.; secondly, the propagation of chaos
produces stand-alone contributions in € (vanishing as € — 0); finally, the need to switch from von
Mises to Gaussian kernels (and vice versa) produces additional contributions in € (also vanishing as
e —0).
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4 The regularised model

While the equations ([B0a)—(B30h]) describe the ‘exact’ evolution of the relevant densities (pe, je) as-
sociated to the weakly interacting particle system (), they are not, however, closable in (p, je):
more precisely, they contain three terms (specifically, jo ., Zn, and the nonlocal interaction term
of ([B0D)) which can not be related directly to (pe,je). In this final section, under suitable assump-
tions, we derive and analyse an SPDE which approximates (30a)—(B0L). We propose the following
approximations associated with the three terms mentioned above, and we point out the extent to
which they are valid.

Approzimation 1. The interaction term in (BQD) is replaced by {W' x p.}p.. Proposition
implies that this replacement gives a vanishing error (in the L! sense) as ¢ — 0.

Approzimation 2. We replace ja  with %%”;. This has been done also in M], and we adapt the
essential details here. In local equilibrium, the probability density function of the couple (¢;(t), pi(t))
is approximately separable in the two variables (as shown in ﬂg, Corollary 3.2]). We can thus write
E[jo.] = E[p?(t)|E[0p. /O], which suggests the proposed replacement. In a small temperature
regime (corresponding to 02/(27) < 1), we see that Var[p?(t)] < Co?/(27)? < 0%/(27) ~ E[p2(t)],
see again ﬂg, Corollary 3.2]. It is in this case sensible to replace p% with E[p?], which means replacing
Ope

. . 2
J2,e with % P
Approzimation 3. We replace Zy with o N~/ 2\/E &.. This is justified along the lines of M], and
we adapt the necessary details. First, we notice that Zy and Yy are asymptotically equivalent in
distribution for € — 0, as shown in Proposition 3.7l In addition, one can show that, for each t € [0, 7],
{pc(-,t)}¢ has a unique limit in L? as ¢ — 0. This can be seen be taking two sequences {a,; N2},
{b,; N’} (both satisfying the usual #-scaling) and using scaling arguments (similar to those used,
for example, in ([@G)) and the propagation of chaos to show that E[||pa, (-,) — pp, (-, t)]|22] — 0 as
an,b, — 0. As a result, the two quantities p(-,t) and p, / v3(»t) coincide in the limit. Therefore,
for € < 1, we consider o N~/ zm 56 in spite of Yy, thus obtaining the overall noise replacement.
These approximations give the following reqularised Dean—Kawasaki model for interacting par-

ticles in undamped regime

o, 0
E(‘Tat) - o (‘Tat)a (50&)
je

~ a2\ Ope
W(:Evt) - _736($7t) - (%) o

Pe(2,0) = po(z), Je(z,0) = jo(z),

(m)—{W’*@(-J)}@(-JH% pe(z,t) €, (50b)

for (x,t) € T x [0,7], and where (pg, jo) is a suitable initial datum. We used the notation (jc, jc)
to distinguish the solution of the SPDE (B0) from the smoothed (exact) densities (pe,je). We
establish a high-probability existence and uniqueness result (in the sense of mild solutions) for (G0I).
Following [4, Subsection 4.3], we smooth the coefficient function of the noise in (50b]) and study the
system
{ AX(t) = [AX(t) + (Xc(t))] dt + B s(Xe(t))dWe, (51)
Xe(0) = Xo,

for X(t) := (pe(-,1), (- 1)), Xo := (po,jo), We := (0,&.), and where A (respectively, a) is a linear
(respectively, nonlinear) operator on W := HY(T) x H'(T) defined by
0je

o? De ;- _
AX(0) 1= (o6t a0 = () Z00) 0 altele) = 0.~ 5 pl O}l,0),
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and Bys: W — {f: W — L? x L?} is defined as By((p,4))(a,b) := oN=/2(0, hs(|p|) - b), for hs
being a C%(R)-regularisation of the square-root function on [—4, ], for some § > 0. A mild solution
to (BI) on [0,7] is a W-valued predictable process X5 = (pcs,jcs) defined on [0,7] such that
]P’(fOT | Xcs(s)[3yds) = 1, and satisfying, for each t € [0, 7]

Xes(t) = S(t)Xo + /Ot S(t—s)a(Xcs(s))ds + /Ot S(t — s)Bn,s(Xe5(s))dWe, P-a.s.

where {S(t)}+>0 is the Cp-semigroup generated by A (see M, Lemma 4.2]).
We first of all analyse the noise-free version of (&II).

Lemma 4.1. Fiz 0 < ¢y < ¢o. Consider the system

{ dX(t) = [AX(t) + (X (¢))] dt, (52)

X(0) = Xo := (po; jo),

and assume that minget po(x) > ¢1 and || Xolw < c2. Then [B2) has a unique local W-valued mild
solution Z := (pz,jz) up to some T > 0, such that

mei%lpz(a:,s) > ¢y and ||Z(s)|lw < ca,  for all s € [0,T]. (53)

Proof. The operator A generates a Cp-semigroup of contractions on W, see for example M, Lemma
4.2]. In addition, « is locally Lipschitz and locally bounded. To see this, choose (u1,v1) and (ug,v9)
in a W-ball of radius n. Then, using the Sobolev embedding H' ¢ C% and the boundedness of W’
and W, we obtain

la((u, v1)) = a((uz, v2)) 13y
= |{W" s uq bug — {W' % U2}U2H%2 + 1(0/0x) ({W' % ur }uy — {W' % U2}U2)Hi2
< C{IHW" # (un = wa) Y |32 + W uad(ur — wa)lf 72 + [{W" # (un — ) b |7
W 5 ug Y (un — ug)[[72 + [{W * (ug — o) iy |72 + [{W' 5 ug}(u) — Ué)”iz}
< C(n, W) |[(u, v1) — (uz, v2) I3y, (54)

which is the local Lipschitz property for a. Local boundedness is settled with an analogous com-
putation. We apply , Theorem 4.5] to deduce the existence of a unique local W-valued mild
solution Z := (pz,jz) to (G2) up to some 7" > 0. Since the solution is cadlag by ﬂﬂ, Remark 4.6],
using the Sobolev embedding H' C C?, we can choose T' > 0 so that (53)) is satisfied. O

Lemma 4.2. Let X( be a deterministic initial datum for (BIl). Then ([&I) admits a unique local
mild solution.

Proof. This follows from ﬂﬂ, Theorem 4.5], since (i) A generates a Cp-semigroup of contractions
on W; (ii) « is locally Lipschitz and locally bounded, see Lemma ETL (iii) By, s is locally Lipschitz
and satisfies the linear growth condition, see M, Lemma 4.5]; (iv) the noise W, is a W-valued Q-
Wiener process whose covariance operator @), 5, has rapidly decaying eigenvalues, see M, Subsection
4.2]. O

Now let X, be the unique local mild solution to (G&Il). For some positive constants T, d, and k,



23

we define two relevant stopping times associated with (GII), namely

T =1inf {t > 0: || Xc(¢)|lw >k} AT, ps = 7 A inf {t >0: mei%ﬁf(x’t) < 5} . (55)

Lemma 4.3. Fix k>0, 0 >0, and T > 0. Let X, be the unique local mild solution to (&1l). The
following statements hold:

(a) The total mass of the system is conserved up to Ty, i.e., [1pe(x,s)dx = [} po(x,s)dz for all
s < Tp.

(b) There exists a constant C = C(Xo, W) such that, for all x € T and for all s < s

—C <W'spe(x,8) <C, —C<W"xpe(,s) <C. (56)

Proof. (a) We consider the W-inner product of the mild formulation of (5I) with the constant
element ¢ := (1,0) € D(A*), the symbol * denoting the adjoint. As A*( = 0, we trivially get that

T
| E
0

We define & := a o Ry, where

t
IS = 9B s(Xl): A QI gy 0|t < .

Y, if lyllw < &,
kit if [lyllw > k&

lyllw

Rk:WHW:yr—){

is a standard retraction map. Since the map & is Lipschitz continuous, we have a unique global mild
solution X, to (5I) with a replaced by &, which then clearly satisfies IP’(fOT | X (8)|Jw dt < c0) = 1.
Since we have predictability of both the deterministic and stochastic integrands involved in the
definition of mild solution (to (BIl) with « replaced by &), we follow the proof of HE, Proposition
2.10, part (ii)], but only with the specific choice of ( made above (and not with any ¢ € D(A*)).
We deduce that X, satisfies, P-a.s.

t

(%60 = (X0, [ [(Re), A7) + (6K, )] ds + [ (Brio(els)), OAWi(s) = (X0.0).

Uniqueness of mild solutions implies that X.(s) = X.(s) for all s < 7, and the claim is settled.
Notice that we have not proved that X, is a weak solution to (&II).

(b) The potential W being smooth, there exists C' such that —C < W'(y—x) < C for all z,y € T.
If s < pg, then pe(y,s) > 0 for every y € T. We deduce that —Cp(y,s) < W (x — y)pe(y,s) <
Cpe(y,s), for all y € T. Since us < 7%, we can rely on (a) and integrate in y, thus deducing that
—C(Xo, W) < W' % pe(x,8) < C(W,Xp) for all x € T and for all s < ps. An identical argument
applies with W replacing W'. O

We now turn to the proof of our main existence and uniqueness result for (50). This result is
an adapted version of M, Proposition 4.10 and Theorem 1.4].

Theorem 4.4 (High-probability existence and uniqueness result). Fiz v € (0,1), and fir 0 < § <
¢ < cg < k. Let Xo = (po,Jjo) € W be a deterministic initial condition, such that minger po(x) > ¢1
and || Xollw < ca, and let T > 0 be as in the statement of Lemma[{.1. Assume the scaling Ne® = 1,
for @ large enough. It is possible to choose a sufficiently large number of particles N such that there
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exists a unique W-valued mild solution X, = (pe, je) satisfying @G0), up to time T, on a set F, € F
such that P(F,) > 1 —wv.

Proof. Consider the time ¢ A ug, for t € [0,7], with ps defined in (B3]). Let X, and Z be the local
mild solutions to (BI]) and (B2), respectively. We subtract the mild solution expressions for X (¢A is)
and Z(t A us), thus obtaining

tAps
Xeltnps) = Z(EAps) = [ S(EA s =) [a(Xe(s)) = ol Z(5))] ds
AT

4 /0 S(t A s — ) By (X ())dW. (57)
We look for a small-noise regime estimate up to time ¢ A ps. In order to do so, we first prove that
lo(Xe(s)) = a(Z(5)) 5y < KT (W, [lpoller, T) [|Xe(s) = Z(s)[F3y,  forall s <ps. (58)

We reuse computation (54]) and deduce

[a(Xc(s)) = a(Z(s)) |y
<2{I{W" * (pz = p}pz T + W % oz — Bl T2 + 1AW+ (pz — pe)}pzl72

F W % 5 3oz — pll 72 + W' % (2 — Be) Yoy llae + [{W' * pe} (ply — ﬁi)lliz}
=T+ +Tp. (59)

For s < ugs, we bound the terms 15, Ty, Tg using Lemma [£3] and we bound the terms 74,73, T5
using the Sobolev embedding H' ¢ C° and Lemma @1l Estimate (58] is proved.

We are now in the position to provide the small-noise regime estimate for (&7]). We closely follow
the proof of M, Proposition 4.10]. Let ¢ > 2. We use B, Proposition 7.3] to deduce that, for some
Ky = Ky (W HpOHH17T7 q) and some K3 = K3(07 57 T,q, kj)

El sup || Xe(s A ps) — Z(s A Ma)H%]
s€[0,t]

< Ko B[ [ 1.(0) = 20y L ()

s q
+E| sup / S(S N s — U)BN,é(Xe(u))l[O,ug}(u)dWe ‘|
s€[0,7] 11/0
t
< K2/0 El Sl[lp] [ Xe(s A ps) — Z(s A MJ)H?/V] du
s€l0,u

T
b K(0,6,T, q)Mq(e,N)E[ /0 (14 \|X€(u)||‘;v)1[0m(u)du]

t
< K2/ E[ sSup ||Xe(8 A :ué) - Z(S A N(S)H;I/\} du + K3Mq(€7N)7 (60)
0

s€[0,u]

where M9(e, N) was derived in M, Lemma 4.5], and decays to 0 as € — 0 for § large enough. It is
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easy to deduce that

E[ sup X5 A i) — Z(s A %)n%] < KMo (e, N}, (61)
s€[0,T

For some small enough n > 0, define

5= {w €0 sup X5 A ) — Z(5 A )y < n} .
s€[0,T

Using the Chebyschev inequality in (61II), we deduce that there exists N large enough so that
P(S) > 1 — v. If n is chosen small enough, for any w € S, we have that us = 7, = 7. If this was
not the case, we would have one of the following contradictions: on one hand, if us < 7, < T, since
minger pz(x,s) > ¢; > 0 for all s € [0,7] thanks to Lemma [T and since 7 is small enough, we
can use the embedding H' C C° to deduce that minger pe(, us) > 0, contradicting the definition
of pgs; on the other hand, if us = 7 < T, since ||pz(s)|lw < ¢2 < k for all s € [0,T] thanks to
Lemma I} and since 7 is small enough, we can use the same embedding H' C C to deduce that
|pe (%) lw < k, contradicting the definition of 7. This concludes the proof. O

Remark 4.5. The main difference between this section and M, Section 4] is the combination of a
solution localisation via stopping times (needed because the interaction term {W’ x pe(-,t)}pe(-, 1)
is superlinear) and the conservation of mass, see Theorem 4] and Lemma

Remark 4.6. The existence theory described in this subsection can be slightly simplified, as one
could deduce the validity of (B6) for all x € T and all s < 7 (rather than for all s < us). In
this case, the bounding constants would depend on k (hence on ||pg|| 1) rather than on [} po(x)dx,
simply because of the embedding H' € C°. The proof of Theorem B4 could then be adapted by
using the stopping time 7 instead of pgs in the small-noise regime analysis leading up to (G1l), thus
making the use of Lemma superfluous.

However, Lemma, provides a lower constant Ks for the benefit of (6II). The reason for this can
be deduced from (BY). The bounds associated with 17, ..., T are of the type

T; < CP|IXe(s) = Z() Iy, i€ {1,...,6},

where the constants C;, i € {1,...,6}, depend on ||pz||z1 (or equivalently, on ||po|z1 and T).
However, the terms 15,74, and Tg can be controlled more precisely, as Cs, Cy, and Cg can be
computed with the initial mass [} po(z)dz only (Lemma E3). In the case of an initial datum
satisfying [ po(x)dz < ||poll 1, this corresponds to obtaining a constant K7 in (BS) which is
approximately half the one we would get if we did not rely on Lemma to deal with T5, Ty, and
Tp; this is simply because K7 = C? 4 --- + CZ, and C2 + C? + C3 would, in this case, be negligible
compared to C? + C% + C2. This is turn implies that the constant K5 in (GI]) can be scaled down
by a factor up to 2%/2. Owverall, this gives a smaller right-hand-side in ([©T)), which reflects into a
lower number of particles needed to meet the requirements of Theorem (.41
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